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Affine Distance-transitive Groups of Dimension One
ARJEH M. COHEN AND ALEXANDER A. IVANOV
Let V be a one-dimensional Fq -space and G be a subgroup in A0L(V ) ∼= A0L(1, q) containing
the translations and acting primitively on the set of vectors in V . Let G0 be the stabilizer in G of the
zero vector, so that G0 ≤ 0L(V ) ∼= 0L(1, q) and G = V : G0. Suppose that 0 is a graph structure
on V on which G acts distance-transitively. Such graphs of diameter at most 2 are known from the
literature. Here, we show that if 0 has diameter at least 3, then q = 64, G0 ∼= Z9 : Z3 or Z9 : Z6
and 0 is the Hamming graph H(4, 3).
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INTRODUCTION
This paper contributes to the classification of primitive affine distance-transitive groups
(cf. [3]). Let V be an n-dimensional vector space over Fq and let G be a subgroup in A0L(V )∼= A0L(n, q) containing all translations. Let G0 be the stabilizer in G of the zero vector, so
that G0 ≤ 0L(V ) ∼= 0L(n, q), and suppose that
Hypothesis DTG: 0 is a graph structure on V of diameter d such that G acts
primitively and distance-transitively on 0.
By the main result of [2], Hypothesis DTG implies that at least one of the following cases
is at hand:
(I) 0 is an explicitly given graph known from the literature.
(II) F∗(G0/Z(G0 ∩ GL(n, q))) is a non-abelian simple group whose projective represen-
tation on V is absolutely irreducible and can be realized over no proper subfield of Fq .
(III) n = 1.
In the present article we deal with the latter possibility. The case d = 1 leads to doubly tran-
sitive one-dimensional affine actions which are all known (cf. [7]). The case d = 2 has been
dealt in [6], Theorems 3.7, 3.9, 3.10, and 3.11. In the present article we prove the following.
MAIN THEOREM. Suppose that Hypothesis DTG holds with n = 1 and d ≥ 3. Then
q = 64, G0 ∼= Z9 : Z3 or Z9 : Z6 and 0 is the Hamming graph H(4, 3) (of diameter 3).
From now on, let q = pa be a power of the prime p, let V = Fq and G a subgroup of
A0L(V ) satisfying DTG. Put H = G0 ∩GL(V ) and h = |H |, m = (q − 1)/h. Thus, G0/H
embeds into 0L(V )/GL(V ) where the latter is cyclic of order a. The notation regarding
distance-transitive groups will be taken from [4].
LEMMA 1. Suppose that 0 satisfies DTG. For a natural number `, denote by α(`) the
number of indices i ∈ {1, . . . , d} such that ki = `. Then
(1) α(`) ≤ 3;
(2) there is at most one value of ` such that α(`) = 3; for this value we have ` = max{ki |
1 ≤ i ≤ d};
(3) if α(`) 6= 0, then ` = bh where b | a;
(4) α(h) ≤ 2; and
(5) m ≤ a + 2∑b|a b.
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PROOF. Assertions (1) and (2) are due to Van Bon, see [5]. Moreover, (3) follows from the
semi-regular action of H on F∗q = Fq \ {0}. Suppose α(h) > 2. Then h represents both the
maximum and the minimum value of the ki , so k1 = k2 = h, a contradiction with Proposi-
tion 5.1.1 of [4]. Thus, α(h) ≤ 2, proving (4). As for (5), note that, with j an index for which
k j is maximal, the previous assertions yield
q − 1 =
∑
i≥1
ki =
∑
`
α(`)` ≤ 3k j +
∑
b|a,bh<k j
2bh ≤ h
3a + 2 ∑
b|a,b<a
b
 ,
whence (5). 2
For the graph 0, adjacency is translation invariant, whence x − y ∈ 01(0) if and only if
y − x ∈ 01(0). This implies that −1 ∈ H , so that h is even if p is odd.
We shall first study the graph1 on V defined by x ∼ y ⇔ x− y ∈ H . Thus,11(0) = {xm |
x ∈ F∗q}. This graph is defined only in terms of the subgroup H of GL(1, q). It is isomorphic
to any other orbital graph of V : H on V , that is, to any graph (V,∼′) in which, for some
z ∈ GL(1, q), we have x ∼′ y ⇔ x − y ∈ zH . Under the hypothesis DTG, an isomorph of
1 is a partial subgraph of 0 such that 01(0) is a union of certain H -cosets in GL(1, q). Thus,
the diameter of 0 is at most the diameter of 1.
PROPOSITION 2. If
q
n
2 >
m − 1
m
(((m − 1)n − (−1)n)q 12 + (m − 1)n−1 − (−1)n−1),
then the diameter of 1 (and hence of 0) is at most n.
PROOF. Let n ∈ N, n ≥ 2. Note that the set 1≤n(0) of vertices of 1 at distance at most n
from 0 is {xm1 + · · · + xmn | xi ∈ Fq}. Thus1 has diameter at most n if and only if the number
of solutions (x1, . . . , xn+1) ∈ Fn+1q to
xm1 + · · · + xmn = αxmn+1 (1)
with non-zero xn+1 is positive for every α.
By Corollary 6E of [9], the number Nn of projective solutions (possibly with xn+1 = 0)
to (1) satisfies ∣∣∣∣Nn − qn − 1q − 1
∣∣∣∣ ≤ m − 1m ((m − 1)n − (−1)n)q n−12 . (2)
By the same formula, the number Mn of projective solutions in x1, . . . , xn with xn+1 = 0
satisfies ∣∣∣∣∣Mn − qn−1 − 1q − 1
∣∣∣∣∣ ≤ m − 1m ((m − 1)n−1 − (−1)n−1)q n−22 ,
and so the number |1≤n(0)| = Nn − Mn of affine solutions of (1) with non-zero xn+1 is
strictly positive for every α if
q
n
2 >
m − 1
m
(((m − 1)n − (−1)n)q 12 + (m − 1)n−1 − (−1)n−1). 2
Using this result for n = 2, we are able to narrow down the possible values of p, a,m for a
graph 0 satisfying DTG to a finite number of possibilities. To see this, we collect bounds on
these parameters in the following result.
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LEMMA 3. Suppose 0 satisfies Hypothesis DTG for d ≥ 3. Then
(1) m ≤ 5a;
(2) (p − 1)m|(pa − 1);
(3) pa + 1 ≤ (m − 1)(m − 2)pa/2 + m;
(4) a ≥ 2;
(5) m ≤ a + 2∑b|a b; and
(6) h 6 | (pb − 1) for any proper divisor b of a.
PROOF. By a result due to Van Bon, see [5], we have |V | ≤ 5|G0|. As |G0| ≤ ha =
(q − 1)a/m, this implies (1). By Proposition 2.2(a) of [8], the group of scalars F∗p belongs to
H , whence (2). The inequality in (3) stems from the assumption that 0 has diameter at least
3; for then 1 has diameter at least 3 and the inequality in Proposition 2 must fail for n = 2.
If a = 1, then 0 = 1; as the diameter is at least 3 and multiplication by elements of F∗q leads
to an isomorphic graph, 0 has three different P-polynomial structures, contradicting [1]. This
establishes (4). Assertion (5) is taken from Lemma 1. Finally, assertion (6) follows from the
fact that if H ≤ F∗r for some proper divisor r of q , then G0 leaves invariant Fr and so 0 is
imprimitive. 2
COROLLARY 4. If 0 satisfies hypothesis DTG with d ≥ 3, then the parameters p, a,m are
among the 35 triples given in the table below and the diameter is 3.
p, a,m p, a,m p, a,m p, a,m p, a,m
2, 6, 7 2, 8, 15 2, 10, 31 2, 12, 35 2, 12, 39
2, 12, 45 2, 18, 27 2, 18, 57 2, 18, 63 2, 20, 41
2, 20, 55 2, 20, 75 2, 20, 93 2, 21, 49 2, 22, 69
2, 22, 89 2, 24, 85 2, 24, 91 2, 24, 105 2, 24, 117
2, 24, 119 3, 4, 8 3, 6, 26 3, 8, 20 3, 11, 23
3, 12, 35 3, 12, 40 3, 12, 52 3, 12, 56 5, 4, 12
5, 6, 18 5, 6, 21 7, 4, 16 7, 6, 24 13, 4, 17
PROOF. By Proposition 2, with n = 2, we have
q + 1 < (m − 1)(m − 2)√q + m. (3)
In particular, 4√q < m. Together with Lemma 3, Part 1, this gives pa < 625a4. Hence, p <
101. A straightforward check yields that the only values of p, a,m for which the restrictions
listed in Lemma 3 hold are the 35 given in the conclusion of the corollary, the triple p, a,m =
2, 18, 73, and the following 26 triples:
p, a,m p, a,m p, a,m p, a,m p, a,m
2, 9, 7 2, 10, 11 2, 11, 23 2, 12, 13 2, 12, 15
2, 12, 21 2, 14, 43 2, 15, 31 2, 16, 51 3, 4, 5
3, 5, 11 3, 6, 7 3, 6, 13 3, 6, 14 3, 8, 16
3, 10, 22 3, 10, 44 5, 4, 13 5, 5, 11 5, 6, 14
7, 4, 10 11, 2, 6 13, 2, 7 17, 2, 6 23, 2, 8
31, 2, 8
A straightforward computation in GAP, using an explicit model of 1, shows that, for each
triple p, a,m occurring amongst the above 26, the set {xm1 + xm2 | x1, x2 ∈ Fq} coincides with
Fq . Hence, for all 24 cases, the diameter of 1 is actually 2.
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For the case p, a,m = 2, 18, 73, Proposition 2 shows that 0 has diameter at most 4. The
maximum suborbit size is 18h and so 0 has at most 1+ 4 · 18h < q vertices, a contradiction.
The remaining 35 cases are listed in the table of the corollary. For the cases q ≤ 216, a
computation in GAP shows that the diameter is at most 3; in the other cases, Proposition 2
gives the same result. Since 0 is assumed to have diameter at least 3, this ends the proof of
the corollary. 2
We now come to the proof of the main theorem. It is based on further analysis of the suborbit
sizes and on comparison with 1.
PROOF (MAIN THEOREM). By Corollary 4, we may assume that 0 has diameter 3, and
that p, a,m is one of the triples listed there. Write m = a1 + a2 + a3 for three divisors ai of
a such that {k1, k2, k3} = {a1h, a2h, a3h} and a1 ≤ a2 ≤ a3.
If ki = k j for i, j distinct, then 1 < i, j by [4] 5.1.1, and so the third suborbit size k1 is
distinct from h, ki . In particular, a1 = a2 = 1 (i.e., ki = k j = h for i 6= j) is impossible.
In view of these observations, the only triples a1, a2, a3 corresponding to parameter triples
p, a,m as in Corollary 4 are
p, a,m a1, a2, a3
2, 6, 7 2 2 3
2, 6, 7 1 3 3
2, 18, 27 3 6 18
2, 20, 41 1 20 20
2, 21, 49 7 21 21
3, 4, 8 2 2 4
3, 8, 20 4 8 8
3, 11, 23 1 11 11
For the cases where p, a,m equals 2, 6, 7; 3, 4, 8; 3, 8, 20, the numbers ki (1) of vertices
at distance i in 1 to 0 for i = 1, 2, 3 can be computed in GAP; they are h, 3h, 3h; h, 4h, 3h
and h, 18h, h, respectively. For the latter two cases they do not fit with the values ai h (i =
1, 2, 3) found, so there is no graph 0 with these parameter triples. For the former case, we
find p, a,m, k1, k2, k3 = 2, 6, 7, 9, 27, 27. We revisit this case at the end of the proof.
For the cases p, a,m = 2, 20, 41 and 3, 11, 23, a direct calculation using Maple shows that
1 has diameter 2. Let us illustrate this in the latter case: we take F311 = F3[x]/( f ), where
f = x11 − x2 + 1. Then x is a generator of F∗311 and x23 = x5 + x3 + x is a generator of
H . Now the elements ±1 + x23i with i = 1, 2, 3, 5, 7, 11, 14, 21, 25, 34, 40, 222 represent
all H -cosets in 1 (one coset occurs twice), showing that 1 has diameter 2.
For the two cases (p, a,m = 2, 18, 27; 2, 21, 49), the least common multiple of the suborbit
sizes is ah, Therefore, there must be an element xσ ∈ G0 where x belongs to F∗q and σ is
the frobenius automorphism of Fq of order a. Choose g ∈ F∗q in such a way that gH is a
generator of F∗q/H and take c ∈ N such that x ∈ gc H . The 〈xσ 〉 orbits on F∗q/H must
have sizes a1, a2, a3. On the other hand, F∗q/H can be identified with Zm via gi H 7→ i
(mod m). The G0/H -action on the cosets of H in F∗q is then equivalent to the action on Zm
determined by xσ : i 7→ pi + c. For both cases, p = 2 is a generator of order a, so the map
i 7→ [σ, i] is the identity on Zm . In particular, it is surjective on Zm , so the element xσH is
conjugate in 0L(1, q)/H to σH . However, then its orbits on Zm have sizes 1, 2, 6, 18 for
p, a,m = 2, 8, 27 and 1, 3, 3, 21, 21 for p, a,m = 2, 21, 49. For both cases this conflicts
with the values for ai as listed in the table. Hence neither parameter triple corresponds to a
graph 0 satisfying DTG.
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The case p, a,m, k1, k2, k3 = 2, 6, 7, 9, 27, 27 remains. By the same argument as in the
preceding paragraph, there is, up to conjugacy, a unique element of order 3 in G0/H ; let
σ ∈ G0 be of order 3 in its inverse image. Assuming, without loss of generality, that σ acts on
Z7 by multiplication 2, we find orbit lengths 1, 3, 3. A direct computation shows that σ fuses
the three H -orbits of 1 at distance 2 from 0 and also the three H -orbits at distance 3. Thus,
G = F64 : (H : 〈σ 〉) acts distance-transitively on 1. It is immediate that, if we add the full
Galois group of order 6, the resulting group also acts distance-transitively on1 and that there
is only one G-conjugacy class of elements of order 2 in 0L(1, 64) outside V . This explains
why there are no more than two groups in the conclusion of the Main Theorem. Finally, using
the structure of V as a vector space over F4, we readily find that F4 lines are cliques and
that an F4 basis of V can be found within H . This establishes an isomorphism of 1 with
H(4, 3). 2
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